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Abstract
Background temperature disequilibrium created during drilling circulation can remain around the wellbore for a substantial period
after pumping stops. In petroleum, gas, and geothermal wells, this persistence complicates the interpretation of post-circulation
flow behavior because the fluid entering the wellbore during early cleanup or testing may sample a thermally disturbed region rather
than the undisturbed formation. The difficulty becomes more pronounced when a well experiences multiple operational transitions,
including circulation, shut-in recovery, perforation, early inflow, and multirate test periods, before thermal stabilization is achieved.
This paper develops a distinct operator-learning framework for estimating near-wellbore thermal recovery and using that estimate for
early drill stem test flow inference. The proposed model combines radial heat diffusion, axial wellbore energy transport, multientry
inflow mixing, and sequential state updating in a regime-aware reduced-order structure. A physics-constrained memory mechanism is
introduced so that information learned during circulation and shut-in is preserved when the well transitions into flow, thereby reducing
the loss of thermal history that commonly biases early-time interpretation. The framework treats the disturbed temperature field as a
latent state, infers its evolution from pressure, temperature, and rate data, and links that state directly to entering fluid temperature
and transient flow estimation. The paper derives the governing equations, constructs the reduced dynamical representation, develops
an online estimation strategy, analyzes stability and identifiability, and proposes a field-oriented validation protocol. The resulting
formulation is intended to improve early-time test interpretation in wells where near-wellbore thermal recovery remains incomplete and
where fixed-regime inference is vulnerable to systematic error.

1. Introduction

Thermal transients near the wellbore are often treated as sec-
ondary effects during post-drilling interpretation, yet in many
wells they are integral to the physical state sampled during the
earliest stages of testing and cleanup [30]. Circulation mod-
ifies the energy balance of the wellbore and the surrounding
rock by exposing the formation to a moving fluid whose tem-
perature differs from the native geothermal condition. The
immediate result is a disturbed radial temperature field cen-
tered on the well. The longer-term result is a recovery process
whose timescale is set by conduction, near-wellbore storage,
and subsequent flow operations. If perforation and testing
occur before this recovery is complete, then the first inflow-
ing fluids do not arrive at a temperature representative of the
undisturbed formation. Instead they carry a thermal signa-
ture inherited from the disturbed near-wellbore zone. That
signature influences fluid properties, apparent inflow behavior,
and the interpretation of rate, phase state, and deliverabil-
ity. The problem is not only one of thermal description. It
is an inverse problem in which the current measurements de-
pend on an unobserved thermal history generated by earlier
operational stages.

The practical difficulty is sharpened by the fact that the well
rarely remains in a single mode while the thermal field recov-
ers. A typical sequence involves active circulation, cessation
of flow and shut-in, possibly a waiting interval, perforation,
cleanup, drawdown, a buildup, and sometimes additional rate
changes or further circulation-related interruptions. The gov-
erning equations are physically connected across these oper-
ations, but the dominant terms differ from regime to regime
[23]. During circulation, the formation experiences imposed
thermal forcing from the wellbore and the axial transport of
energy in the fluid column is central. During shut-in, the
thermal field tends to evolve diffusively, and the near-wellbore
zone relaxes toward the far-field state. During production or
test flow, the entering fluid temperature depends on a moving
radial weighting over the disturbed rock, while the wellbore
energy equation is influenced by multientry mixing, compress-
ibility, and transient mass balance. A model that assumes a
single stationary regime for all these periods is structurally
misaligned with the operation it seeks to interpret.

In field practice, analysts often compensate by switching man-
ually between specialized submodels or by calibrating one
model after another over selected windows. That strategy
can work when data are abundant, the well is simple, and
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Figure 1. Operational sequence for circulation-disturbed wells. The left chain tracks field actions, while the right chain shows the
latent thermal carryover that survives regime transitions and conditions early entry-temperature and drill stem test interpretation.

Table 1. Key thermal variables used in the near-wellbore recovery model

Symbol Unit Description
Tf (r, z, t) K Formation temperature field in ra-

dial–axial coordinates
Tw(z, t) K Wellbore fluid temperature along

the completion interval
T∞(z) K Undisturbed geothermal tempera-

ture profile
θ(r, z, t) K Thermal disturbance relative to

equilibrium
rw m Effective wellbore radius
rb m Outer radius of computational do-

main

the operating history is mild. It becomes fragile when the
same set of uncertain parameters influences several stages si-
multaneously, when the near-wellbore thermal field remains
latent, and when the observational meaning of temperature
changes between one regime and the next. A temperature
decline during circulation, for example, need not mean the
same thing as a temperature decline during early flow. In the
former case it may primarily reflect axial wellbore transport
and boundary forcing. In the latter case it may reflect the
radial thermal structure of the formation and the relative con-
tribution of multiple entry points. A robust framework should
therefore retain what is learned in one regime, but reinterpret
that knowledge appropriately when the regime changes [14].

This requirement can be stated more precisely as a sequen-
tial learning problem with memory. The model must estimate
a hidden thermal state, infer uncertain physical parameters,
and update its dynamics when operational mode changes oc-
cur, all without discarding knowledge extracted earlier from
the same well. Hasan et al. (2024) demonstrated in the near-
wellbore cooling and drill stem test setting that circulation-

induced thermal disturbance can persist after shut-in and ma-
terially affect early inflow temperature and flow-rate inter-
pretation [17]. The present paper adopts that field context
but develops a different methodological emphasis: it formu-
lates the problem as adaptive operator learning for a regime-
changing thermal-flow system and focuses on how historical
thermal information can be preserved and reused during on-
line test interpretation.

The central proposition is that the disturbed near-wellbore
temperature field should be treated as a latent dynamical ob-
ject rather than as a one-time correction. Once represented
this way, a natural architecture emerges. A shared thermal
operator describes the diffusion-dominated backbone of radial
recovery. Regime-conditioned perturbations account for cir-
culation forcing, early inflow advection, multirate test effects,
and changes in measurement structure. A reduced basis per-
mits the radial field to be estimated from sparse downhole
data. A memory mechanism stores physically meaningful
summaries of previous thermal states, operator corrections,
and representative trajectories, so that the system can re-
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Figure 2. Coupled physics block view. Circulation-induced thermal forcing creates a disturbed radial field; pressure drawdown
selects the sampled region; entry mixing transfers that history into the wellbore energy balance and finally into
pressure-temperature-rate observations.

Table 2. Primary thermal transport parameters

Parameter Symbol Physical meaning
Effective conductivity ke Composite rock–fluid heat conduction

coefficient
Volumetric heat capac-
ity

(ρc)e Effective storage capacity of porous
medium

Thermal diffusivity α Ratio ke/(ρc)e governing radial recov-
ery speed

Heat transfer coefficient hc Wellbore–formation convective ex-
change parameter

Overall transfer coeffi-
cient

U Combined conductive and convective
wellbore heat transfer

visit or reuse them as later operational segments unfold. The
result is a model that is neither purely deterministic simu-
lation nor purely generic machine learning. It is a hybrid
inverse framework in which the governing physics define the
state representation and admissible transitions, while online
adaptation determines how strongly each regime-specific cor-
rection should be activated [5].

The paper has several objectives. The first is to derive a
mathematically coherent model for radial near-wellbore ther-
mal recovery and its effect on early inflow temperature dur-
ing drill stem testing. The second is to couple that model to
an operator-based reduced-order state space capable of sup-
porting online inference. The third is to introduce a physics-
constrained memory principle that protects previously learned
thermal structure from being overwritten when the opera-
tional regime changes. The fourth is to analyze stability,
identifiability, and error propagation in the resulting learned
thermal dynamics. The fifth is to show how such a model

can be implemented numerically in a way that remains com-
patible with field data streams, multirate schedules, and in-
complete observation. In keeping with the operational focus
of the problem, the paper does not seek to maximize abstract
predictive performance alone. It seeks to improve early-time
interpretation under the specific conditions created by prior
circulation and incomplete thermal recovery.

The remainder of the manuscript is organized as follows. The
next section formulates the physical problem and derives the
coupled formation-wellbore heat and flow equations in a form
suitable for reduction. The following section develops a ther-
mal entry-temperature inversion model that links the latent
radial field to wellbore inflow diagnostics [6]. A subsequent
section introduces the regime-aware latent operator represen-
tation. The paper then develops a continual learning and
memory-consolidation framework designed for sequential well
operations, followed by a section on state estimation, multien-
try flow inference, and rate reconstruction. Stability, identifi-
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Figure 3. Reduced latent-state construction. Fast and slow radial modes preserve the disturbed near-wellbore thermal field, axial
and hydraulic summaries complement the state, and a regime-dependent observation map converts the reduced state into
measurable temperature, pressure, and rate signals.

ability, and convergence issues are addressed afterward. The
later sections describe numerical realization and field-oriented
experimental design, and the paper concludes with a discus-
sion of implications for thermal interpretation and drill stem
test diagnostics.

2. Governing Thermal and Flow Equations for
the Disturbed Near-Wellbore Zone

The physical system considered here consists of a wellbore in-
tersecting a porous formation whose undisturbed temperature
T∞(z) may vary with depth. During circulation, the wellbore
fluid exchanges heat with the formation, thereby creating a
disturbed region around the wellbore in which the temper-
ature differs from T∞. The analysis focuses on the tested
interval, where the disturbed field materially influences the
temperature of fluids entering the wellbore during subsequent
operations. To retain the essential physics while keeping the
inference problem tractable, the model adopts an axisymmet-
ric radial description in the formation coupled to a reduced
axial energy balance in the wellbore.
Let r denote radial distance from the well axis and z the axial
coordinate over the tested interval. The formation tempera-
ture is Tf (r, z, t), the wellbore fluid temperature is Tw(z, t),
the formation pressure is pf (r, z, t), and the wellbore pressure

is pw(z, t). The near-wellbore thermal disturbance is repre-
sented by [29]

θ(r, z, t) = Tf (r, z, t)− T∞(z). (1)

The relevant radial interval begins at the effective wellbore
radius rw and extends outward until the disturbance decays
to negligible magnitude relative to measurement resolution
or interpretation sensitivity. The exact outer boundary is not
physically sharp, but for reduced-order modeling it is useful
to define an effective radius re(t) or a fixed computational
boundary rb large enough that θ(rb, z, t) ≈ 0.

When formation inflow is negligible, the thermal evolution is
governed primarily by radial diffusion. Allowing for effective
rock-fluid heat storage, the energy equation can be written
as

(ρc)e
∂Tf
∂t

=
1

r

∂

∂r

(
ker

∂Tf
∂r

)
+ qwf (r, z, t), (2)

where (ρc)e is the effective volumetric heat capacity of the
porous medium, ke is effective thermal conductivity, and qwf
is the volumetric source term induced by heat exchange with
the wellbore or by reduced-order forcing used to represent
circulation effects. Expressed in terms of the disturbance
θ, and assuming T∞ is stationary over the time window of
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Figure 4. Regime-aware operator decomposition. A shared diffusion-centered backbone is retained across operations, while soft
regime weights activate low-rank operator corrections that adapt the transition and observation structure without rebuilding the full
model at each operational change.

Table 3. Operational regimes considered in the adaptive framework

Regime Dominant physics Typical observations
Circulation Axial advection and

forced heat exchange
Strong wellbore temperature gra-
dients

Shut-in recovery Radial conduction in
formation

Gradual thermal relaxation

Early flow Inflow-weighted thermal
sampling

Rapid temperature response at en-
try

Multirate testing Coupled hydraulic–ther-
mal dynamics

Rate-dependent temperature
shifts

Buildup period Pressure recovery with
residual cooling

Slow temperature stabilization

interest, the recovery equation becomes

∂θ

∂t
= α

(
∂2θ

∂r2
+

1

r

∂θ

∂r

)
+ sθ(r, z, t), (3)

where α = ke/(ρc)e is thermal diffusivity and sθ is the reduced
source associated with boundary forcing.

During circulation, the thermal boundary condition at the
wellbore is driven by the temperature of the moving wellbore
fluid. A mixed boundary condition is appropriate:

−ke
∂Tf
∂r

∣∣∣∣
r=rw

= hc(z, t)
(
Tf (rw, z, t)− Tw(z, t)

)
, (4)

where hc is an effective wellbore-to-formation heat-transfer
coefficient. The wellbore temperature itself evolves under
axial advection, internal energy storage, and exchange with
the formation. If a single effective flowing stream is consid-
ered over a completion segment, the corresponding energy

balance is
∂

∂t
(ρwAwcp,wTw) +

∂

∂z
(ṁhw) = UP

(
Tf (r

+
w , z, t)− Tw

)
+Qs,

(5)

where Aw is flow area, ṁ mass flow rate, hw enthalpy, U
overall transfer coefficient, P wetted perimeter, and Qs col-
lects mechanical, mixing, and source terms. For offshore or
long completion intervals a two-stream annulus-tubing system
may be needed, but for the present inferential development
the reduced single-stream form is sufficient [18].
Once circulation stops, the well enters a shut-in or reduced-
flow thermal recovery phase. In that regime the axial ad-
vective term weakens, and the formation disturbance relaxes
toward equilibrium. The initial condition for shut-in is the
circulation-generated thermal field θ(r, z, ts), where ts is the
shut-in start time. A major challenge is that θ(r, z, ts) is not
directly observed. It must either be inferred from the prior
circulation history or represented through a surrogate param-
eterization. A common analytical simplification approximates
the net circulation effect as a line-source or ring-source dis-
turbance. If the cumulative heat extracted from the forma-
tion over the tested interval is Qc(z), then a stylized post-
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Figure 5. Physics-constrained continual learning. Historical operator structure is protected through anchoring and latent replay, a
novelty slot screens unfamiliar behavior before consolidation, and update speed is split so regime-sensitive corrections remain agile
while the thermal backbone changes slowly.

Table 4. Reduced-order latent state components

State component Symbol Interpretation
Fast radial thermal
modes

af Near-wall cooling or heating structure

Slow radial thermal
modes

as Broader formation recovery dynamics

Wellbore temperature
modes

b Axial thermal imbalance inside the
well

Hydraulic allocation
states

q Entry-point flow partition and pres-
sure summaries

Parameter drift vari-
ables

ϑ Slowly varying uncertain physical pa-
rameters

circulation thermal field can be written as a diffusion kernel
convolved with that forcing:

θ(r, z, t) = −
∫ ts

0

qc(z, τ)

4πke
E1

(
r2

4α(t− τ)

)
dτ, t > ts, (6)

where E1 is the exponential integral. This representation is
not exact for all circulation geometries, but it provides an
interpretable reduced-order map from circulation history to
thermal disturbance. It also shows immediately why the near-
wellbore zone can remain disturbed long after pressure effects
have partially relaxed: the recovery kernel decays diffusively
and therefore slowly in the radial coordinate.

When the formation begins to flow, the problem changes
qualitatively [26]. The entering fluid temperature depends
on the radial thermal field sampled by streamlines feeding
the well. For a single-phase radial inflow, the mass balance
and Darcy law may be written as

∂

∂t
(ϕρ) +

1

r

∂

∂r
(rρvr) = 0

vr = −kr
µ

∂pf
∂r

, (7)

where kr is radial permeability, µ is viscosity, and ρ may de-
pend on both pf and Tf . The energy equation for the flowing
porous medium then becomes

(ρc)e
∂Tf
∂t

+ (ρc)ℓvr
∂Tf
∂r

=
1

r

∂

∂r

(
ker

∂Tf
∂r

)
+ qwf (r, z, t).

(8)

Very near the wellbore, the advective term influences which
part of the disturbed radial field contributes most strongly to
the entering fluid temperature. Early-time inflow is dispropor-
tionately sensitive to the thermal structure close to rw, while
later inflow progressively samples larger radii as the pressure
transient expands.
To connect the radial field to the temperature of fluid en-
tering the well, it is convenient to define an inflow-weighted
temperature functional. Let w(r, t) be a positive kernel rep-
resenting the fraction of entering mass at time t that has
recently sampled radius r. Then

Tin(z, t) =

∫ rb
rw
w(r, z, t)Tf (r, z, t) dr∫ rb

rw
w(r, z, t) dr

. (9)

The kernel depends on the pressure and mobility fields and,
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Figure 6. Sequential interpretation workflow. Streaming measurements drive prediction, regime weighting, filtering, smoothing,
multientry allocation, and early-time rate inference, after which stability checks and field-oriented validation determine whether the
inferred thermal-flow state remains physically credible.

in multientry situations, on the relative contribution of each
perforated interval. This expression highlights why early tem-
perature interpretation is history dependent. The entering
temperature is not a local state variable; it is an observable
generated by applying a time-varying functional to the latent
disturbed field [7].

The wellbore energy equation must then incorporate inflow
enthalpy. For multiple entry points zj , the reduced axial form
becomes
∂

∂z
(ṁ(z, t)hw(z, t)) = U(z, t)P (z)

(
Tf (r

+
w , z, t)− Tw(z, t)

)
+

Np∑
j=1

ṁj(t)hin,j(t)δ(z − zj) +Qℓ(z, t),

(10)

where hin,j(t) is determined by Tin(zj , t), Np is the number
of active entry points, and Qℓ accounts for additional lon-
gitudinal effects. When rate changes are imposed during a

multirate DST, ṁj(t) changes while the thermal field may
still be recovering from previous operations. The energy and
pressure dynamics are therefore path dependent even if the
imposed flow schedule is known exactly.
These coupled equations form the physical basis of the inverse
problem addressed later. They also suggest the proper state
variables for reduction: radial thermal modes in the forma-
tion, selected wellbore temperature modes, pressure-related
state summaries, and uncertain parameters such as effective
diffusivity, heat-transfer coefficients, and mobility multipliers.
The next section constructs a reduced model specifically de-
signed to invert the entering temperature and flow response
from incomplete measurements.

3. Thermal Entry-Temperature Inversion and
Reduced Radial State Representation

The direct PDE system described above is too high dimen-
sional and too weakly observed to support efficient online
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Table 5. Operator components in the regime-aware dynamical system

Operator term Symbol Functional role
Backbone transition op-
erator

Āk Shared thermal–flow dynamics across
regimes

Control forcing matrix B̄k Mapping from operational inputs to
state evolution

Observation operator H̄k Baseline mapping from latent state to
measurements

Regime correction oper-
ator

Rk(sk) Low-rank adjustments for operational
changes

Observation correction
term

Mk(sk) Regime-dependent measurement in-
terpretation

Table 6. Memory bank structure for continual learning

Memory element Symbol Stored information
State centroid x̄m Representative latent thermal-flow

state
Covariance summary Σm Variability of stored trajectories
Operator snapshot Ām Representative transition operator
Observation mapping H̄m Measurement relationship for the

regime
Trajectory fragments Tm Compressed historical dynamics for re-

play
Importance matrix Ωm Sensitivity of prediction to parameter

changes

adaptation without reduction. What is needed is a finite-
dimensional representation of the disturbed near-wellbore
zone that preserves the aspects of the radial thermal field
most relevant to early inflow and wellbore temperature inter-
pretation. The reduction developed here is not a generic
compression. It is chosen to preserve the mapping from
circulation-induced disturbance to entering fluid temperature
and from entering temperature to measurable wellbore re-
sponse.

Let the thermal disturbance in a tested interval be expanded
in a radial basis:

θ(r, t) =

m∑
i=1

ai(t)φi(r), (11)

where the basis functions φi(r) may be selected as eigen-
functions of the radial diffusion operator, finite-volume hat
functions over logarithmic radial partitions, or orthonormal-
ized snapshots from circulation and recovery simulations [21].
The coefficients ai(t) become part of the latent state. A
diffusion-adapted basis is particularly attractive because, in
the absence of inflow, the modal dynamics are approximately
diagonal or weakly coupled. If the φi satisfy

α
(
φ′′
i (r) +

1

r
φ′
i(r)

)
= −λiφi(r), (12)

under suitable boundary conditions, then the modal coef-
ficients evolve approximately as exponentially damped pro-
cesses during shut-in. This yields a natural reduced-order

description of recovery:

ȧi(t) = −λiai(t) + bi(t), (13)

where bi(t) represents forcing induced by the wellbore bound-
ary condition or by inflow-related advection.

The entering fluid temperature can also be expressed in this
basis. Using the inflow-weighted functional introduced ear-
lier,

Tin(t) = T∞ +

∑m
i=1 ai(t)

∫ rb
rw
w(r, t)φi(r) dr∫ rb

rw
w(r, t) dr

. (14)

Defining the time-varying projection vector

ci(t) =

∫ rb
rw
w(r, t)φi(r) dr∫ rb
rw
w(r, t) dr

, (15)

one obtains a compact relation

Tin(t) = T∞ + c(t)⊤a(t). (16)

This equation is central to the inverse formulation [13]. It
shows that the unobserved radial field influences the entering
fluid temperature through a low-dimensional linear functional
whose coefficients vary with the flow regime. During early
flow the vector c(t) emphasizes near-wall modes. At later
times it shifts weight outward. Under rate changes, c(t) may
change abruptly while the coefficients a(t) remain continuous.
The learner therefore needs to adapt the observation operator
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Table 7. Sequential estimation quantities

Estimator variable Symbol Description
Predicted state x̂k|k−1 Model-based forecast before measure-

ment update
Filtered state x̂k Posterior latent estimate after correc-

tion
Prediction covariance Pk|k−1 Uncertainty of predicted state
Kalman gain Kk Measurement weighting in state up-

date
Innovation vector νk Residual between observed and pre-

dicted data

Table 8. Multientry inflow variables in the wellbore energy balance

Quantity Symbol Interpretation
Entry-point inflow rate ṁ(j) Mass flow contribution from perfora-

tion j
Total well rate ṁtot Aggregate production during test pe-

riod
Inflow temperature T

(j)
in Formation fluid temperature entering

the well
Allocation variable ζ(j) Log-weight controlling flow distribu-

tion
Entry enthalpy h

(j)
in Thermal energy carried by inflowing

fluid

more quickly than the underlying thermal state.

To include wellbore transport, define an axial reduced basis
for the fluid temperature over the tested interval:

Tw(z, t) = T̄w(z) +

n∑
j=1

bj(t)ψj(z), (17)

where ψj(z) are axial basis functions and bj(t) are wellbore
thermal coefficients. The combined latent state is then

x(t) =

a(t)b(t)
q(t)
ϑ(t)

 , (18)

where q(t) denotes selected hydraulic states or inflow sum-
maries and ϑ(t) denotes slowly varying uncertain parameters.
In practice q(t) may contain bottom-hole pressure correction
terms, multientry allocation variables, or reduced pressure-
diffusion coefficients. The inclusion of ϑ(t) in the state
rather than in a separate static parameter vector is deliber-
ate: several quantities that would be constant in an idealized
model appear time varying in real data because of opera-
tional changes, uncertain completion effects, or unresolved
multiphase behavior [2].

Galerkin projection of the formation and wellbore equations
onto the chosen bases yields a reduced dynamical system. In

abstract form,

ẋ(t) = As(t)x(t) +Bs(t)u(t) + fnl(x(t), u(t), s(t)) + ξ(t),

(19)

where s(t) is the operating regime, As(t) is a regime-
dependent linear operator, Bs(t) is the forcing operator, fnl
contains nonlinear couplings due to property variation or mul-
tientry mixing, and ξ(t) represents model error. The obser-
vation model takes the form

y(t) = Cs(t)x(t) +Ds(t)u(t) + gnl(x(t), u(t), s(t)) + η(t).

(20)

This representation makes clear that a regime shift may
change both the transition operator and the observation op-
erator. For example, the start of flow changes the mapping
from radial thermal coefficients to measured temperature be-
cause Tin(t) becomes active in the wellbore energy balance.

A further refinement is useful for inversion. The radial modes
can be partitioned into fast and slow thermal components.
Let

a(t) =

[
af (t)
as(t)

]
, (21)

where af spans short radial scales near the wellbore and as
spans broader, slower modes. Early-time inflow temperature
is much more sensitive to af , while late recovery and deeper
radial structure are carried by as. During online learning, for-
getting of af -related dynamics is especially harmful for early
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Table 9. Regularization and stability terms in the learning objective

Regularizer Symbol Purpose
Observation loss ℓobs Penalizes mismatch with temperature

and pressure data
Dynamic consistency
loss

ℓdyn Enforces agreement with predicted
state transitions

Memory protection
term

Rmem Prevents forgetting of historical
regimes

Stability regularization Rstab Controls operator spectrum and dissi-
pativity

Regime penalty Rregime Limits unrealistic regime switching

Table 10. Evaluation metrics for thermal-flow inference performance

Metric Symbol Interpretation
Entering temperature
error

ET Difference between predicted and ref-
erence inflow temperature

Early-time rate error Eq Accuracy of inferred flow during initial
DST period

Regime adaptation de-
lay

τadapt Time required to adjust after opera-
tional change

Thermal recovery stabil-
ity

Sth Consistency of long-horizon thermal
relaxation

Memory retention score Rmem Ability to preserve knowledge across
regimes

DST interpretation, whereas forgetting of as affects longer-
term equilibration. This separation informs the memory de-
sign developed later.

It is also valuable to represent the circulation-to-shut-in hand-
off explicitly. Let a(t−s ) be the coefficient vector at the end
of circulation and a(t+s ) the coefficient vector at the start of
shut-in [33]. Because the field is continuous, one has

a(t+s ) = Πcζc + εc, (22)

where ζc is a summary of circulation history, Πc is a linear
or weakly nonlinear map obtained from thermal simulation
or analytical line-source kernels, and εc absorbs mismatch.
This relation allows the online estimator to carry information
from circulation into shut-in without reinitializing the state
arbitrarily. Likewise, at the onset of flow, the initial inflow
temperature depends on the shut-in terminal state:

Tin(t
+
f ) = T∞ + c(t+f )⊤a(t−f ). (23)

These interface relations are precisely where fixed-regime
methods often lose information. By embedding them directly
in the reduced state representation, the present formulation
preserves continuity across operational stages.

The reduction is therefore not merely a dimensional con-
venience. It is a way of encoding the physical memory of
the well. The coefficients a(t) summarize how far and how
strongly the near-wellbore zone has been cooled or heated.
The coefficients b(t) summarize the remaining thermal im-
balance in the wellbore. The observation operators encode
how those latent imbalances appear in measured temperature,

pressure, and rate under each regime [19]. Once this reduced
structure is in place, online operator learning becomes pos-
sible. The next section develops that operator formulation
explicitly.

4. Regime-Aware Latent Operator Formulation

The reduced thermal-flow system remains nonstationary be-
cause the well traverses several operational regimes before
thermal equilibrium is restored. A central design goal is
therefore to represent nonstationarity in a way that pre-
serves shared physical structure while allowing selective cor-
rection under changing operations. The operator formulation
adopted here decomposes the state transition into a com-
mon backbone and regime-specific perturbations. This yields
a system that can adapt when moving from circulation to
shut-in or from shut-in to flow without discarding everything
learned previously.
Discretizing time at observation or update times
t1, t2, . . . , tN , let xk denote the latent state at time
index k. The discrete reduced system is written as

xk+1 = Ākxk + B̄kuk +Rk(sk)xk + Ck(sk)uk + gk(xk, uk, sk) + ϵk

yk = H̄kxk +Dkuk +Mk(sk)xk + hk(xk, uk, sk) + ηk.
(24)

The matrices Āk, B̄k, and H̄k constitute the shared back-
bone, which captures the diffusion-dominated thermal struc-
ture and the baseline wellbore response. The regime cor-
rections Rk, Ck, and Mk account for operation-specific ef-
fects. For circulation, these corrections emphasize wellbore
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forcing and heat-transfer uncertainty. For shut-in, they re-
duce toward a nearly diffusive relaxation structure [3]. For
early flow, they emphasize inflow weighting, multientry mix-
ing, and thermal-hydraulic coupling. The nonlinear terms gk
and hk capture moderate departures from linearity such as
temperature-dependent fluid properties or rate-sensitive pres-
sure losses.
A useful parameterization of the regime correction is low rank:

Rk(sk) =

L∑
ℓ=1

πk,ℓPk,ℓQ
⊤
k,ℓ, (25)

where πk,ℓ are regime responsibilities and Pk,ℓQ
⊤
k,ℓ are low-

rank operator factors. This reflects the empirical expectation
that operational shifts usually alter a limited subset of dynam-
ical directions rather than the full state space. For example,
the start of flow may strongly alter the observation of near-
wall thermal modes and certain hydraulic components while
leaving slower radial recovery modes almost unchanged. By
concentrating adaptation into low-dimensional operator cor-
rections, the model remains both interpretable and resistant
to instability.
Soft regime responsibilities are preferable to hard switching
because physical transitions are often blurred. Let the regime
set include circulation, shut-in, early flow, multirate flow,
and buildup, with an additional novelty slot when the cur-
rent measurements are not well explained by existing operator
corrections. The regime weights are computed from residual
likelihood, operational context, and memory compatibility:

πk,ℓ =
exp(αk,ℓ)∑L+1

j=1 exp(αk,j)
, (26)

where αk,ℓ depends on predicted observation error, latent-
state compatibility with historical memory for regime ℓ, and
persistence of previous regime assignments. The effective
transition operator is then

Aeff
k = Āk +

L∑
ℓ=1

πk,ℓPk,ℓQ
⊤
k,ℓ + Jg,k, (27)

with Jg,k the Jacobian of the nonlinear residual. An analo-
gous expression holds for the effective observation operator.
The thermal substructure of Aeff

k deserves special treatment
because it encodes diffusion-like recovery. Let the state be
partitioned as [35]

xk =


af,k
as,k
bk
qk
ϑk

 . (28)

Then the transition matrix acquires block form

Aeff
k =


Aff,k Afs,k Afb,k Afq,k Afϑ,k
Asf,k Ass,k Asb,k Asq,k Asϑ,k
Abf,k Abs,k Abb,k Abq,k Abϑ,k
Aqf,k Aqs,k Aqb,k Aqq,k Aqϑ,k
0 0 0 0 I

 . (29)

The blocks Aff,k and Ass,k govern fast and slow radial ther-
mal recovery, Abf,k and Abs,k map formation thermal state
into wellbore temperature dynamics, and Aqf,k, Aqs,k encode
temperature-dependent flow or rate effects. The final identity
row indicates that certain parameters may be modeled as ran-
dom walks or slowly drifting states rather than fast dynamic
variables. This explicit block organization makes it possible to
protect especially sensitive subspaces from abrupt adaptation
while allowing regime-specific corrections elsewhere.
The observation model reflects the operational meaning of
temperature. Suppose the measured vector includes bottom-
hole temperature Tbh, bottom-hole pressure pbh, and total
test rate qt. Then a typical reduced observation relation is

yk =

[
Tbh,k
pbh,k
qt,k

]
=

H̄T,k

H̄p,k

H̄q,k

xk +

[
MT,k(sk)
Mp,k(sk)
Mq,k(sk)

]
xk + νk. (30)

In the early flow regime, MT,k(sk) places strong weight on
the inflow-temperature functional c⊤k ak. During shut-in, the
same measured temperature may depend more directly on
wellbore thermal imbalance and local relaxation. The state-
space form therefore captures the fact that a sensor is not
tied to a single fixed physical meaning across operations.
To regularize the model, the backbone and the regime cor-
rections are given different temporal scales. The backbone
evolves slowly:

Āk+1 = Āk +∆Āk, ∥∆Āk∥2F small, (31)

while the regime corrections may evolve more rapidly but un-
der low-rank or sparsity constraints:

Pk+1,ℓ = Pk,ℓ +∆Pk,ℓ

Qk+1,ℓ = Qk,ℓ +∆Qk,ℓ, (32)

with penalties on ∥∆Pk,ℓ∥2F , ∥∆Qk,ℓ∥2F , and possibly on their
ranks. This separation reflects an intuitive physical assump-
tion: the dominant thermal diffusion geometry of the near-
wellbore zone changes slowly, whereas the way it is observed
or coupled into the wellbore can change more abruptly at
operational transitions [10].
A further refinement is to impose physically motivated com-
mutation or dissipativity constraints on the thermal blocks.
Let Lth denote the nominal reduced diffusion operator ob-
tained from the basis projection. One may penalize deviations
of the learned thermal backbone from diffusion structure:

Rdiff = ∥Āth,k − exp(∆tkLth)∥2F + βc∥Āth,kLth − LthĀth,k∥2F .
(33)

The first term keeps the backbone close to nominal thermal
recovery over the time step ∆tk, and the second discourages
operator distortions that would significantly alter the modal
structure of diffusion. These penalties do not force exact ad-
herence to a fixed model, but they prevent the learner from
explaining recent data by inventing unphysical thermal dy-
namics.
The regime-aware operator representation thus provides the
formal bridge between physics and adaptation. It preserves a
common thermal-flow scaffold, permits low-complexity oper-
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ational corrections, and localizes fast learning to the parts of
the model that ought to change when the regime changes.
The next section builds on this scaffold to develop an explicit
continual learning and memory-consolidation strategy.

5. Physics-Constrained Continual Learning and
Memory Consolidation

The problem of sequential well interpretation under
circulation-induced thermal disturbance is fundamentally one
of learning with memory. Information extracted during cir-
culation and shut-in should not be lost when the well be-
gins to flow, because that information defines the current
radial thermal field and therefore the entering fluid temper-
ature. Yet some adaptation is unavoidable once the regime
changes, because the observation law and certain couplings
change markedly between shut-in and early flow. The learn-
ing architecture developed in this section is designed to pre-
serve thermally meaningful historical structure while allowing
regime-specific adaptation [31].

Let Θk denote the collection of all learnable quantities at time
k: the backbone operators, the low-rank regime corrections,
selected noise covariances, and any trainable maps entering
the nonlinear residuals. Let Mk−1 denote the memory bank
accumulated up to time k − 1. The online objective is

Jk(Θk) = ℓobs,k + λxℓdyn,k + λmRmem,k + λp∥Θk −Θk−1∥2Wk

+ λsRstab,k + λrRregime,k. (34)

The observation loss ℓobs,k measures mismatch between mea-
sured and predicted pressure, temperature, and rate. The
dynamic loss ℓdyn,k penalizes inconsistency between updated
and predicted latent states. The memory regularizer Rmem,k
protects regime-relevant historical structure. The parameter-
motion penalty uses an importance matrix Wk to discourage
harmful changes. The stability regularizer controls the op-
erator spectrum and thermal dissipativity. The regime term
penalizes implausible switching among regime assignments.

The memory bank is organized by regime but also by thermal
content. For each memory slot m, define

Mm =
(
x̄m,Σm, Ām, H̄m, Tm,Ωm

)
, (35)

where x̄m is a representative latent-state centroid, Σm a co-
variance summary, Ām a representative effective operator,
H̄m a representative observation map, Tm a collection of re-
duced trajectory fragments, and Ωm an importance matrix
approximating the sensitivity of that memory’s predictive
competence to parameter motion. Importantly, the trajectory
fragments in Tm are stored in latent thermal-flow coordinates,
not as raw sensor traces alone. This makes memory storage
efficient and directly aligned with the physical dynamics one
wishes to preserve.

A memory slot is not created for every short-lived perturba-
tion. Instead, a candidate regime segment becomes a new
memory if it is both persistent and sufficiently different from
existing memories. Let dmin,k be the minimal distance be-
tween the recent latent trajectory context and the existing
memory centroids, and let ρk be a persistence statistic com-
puted from regime responsibilities and residual consistency

over a recent window. A new memory is instantiated when

ρk > ρth and dmin,k > dth. (36)

Otherwise the closest compatible memory is updated by
weighted averaging [32]. This rule prevents the bank from
fragmenting into many nearly redundant slots while still al-
lowing distinct operational situations, such as unusually pro-
longed cooling or atypical multirate behavior, to be retained
when genuinely necessary.

The memory regularizer is composed of two parts: operator
anchoring and latent replay. Operator anchoring preserves the
previously learned thermal-flow structure for each important
memory:

Ranch,k =
∑
m

γk,m

(
∥A(m)

k − Ām∥2F + ∥H(m)
k − H̄m∥2F

)
,

(37)

where A(m)
k and H(m)

k are the current effective operators ob-
tained when memory m is activated, and γk,m weights mem-
ory importance according to recurrence probability and for-
getting risk. Latent replay evaluates the current parameters
on representative stored trajectories:

Rreplay,k =
∑
m

γk,m
∑

τ∈Tm

∑
j∈τ

[
∥xτj+1 − x̂τj+1|j(Θk)∥22 + λy∥yτj − ŷτj (Θk)∥22

]
.

(38)

The total memory term is then

Rmem,k = Ranch,k + βrepRreplay,k. (39)

This construction is especially valuable for the thermal prob-
lem because operator drift can degrade the quality of early
inflow temperature estimation even before observable tem-
perature misfit on current data becomes large.

The importance matrix Wk determines which parameter di-
rections are dangerous to modify. It is assembled from the
memory-specific sensitivity matrices:

Wk =
∑
m

γk,mΩm + ϵI. (40)

Each Ωm can be approximated from the curvature of the re-
play loss or from Fisher-like information on the memory tra-
jectories. Physically, large entries in Ωm tend to correspond
to parameters governing near-wall thermal recovery, wellbore
heat transfer, and the mapping from latent radial modes to
entering temperature. By penalizing motion in those direc-
tions, the learner avoids catastrophic forgetting of precisely
the structure needed for later test interpretation [22].

Adaptation is split into fast and slow timescales. Fast updates
affect the low-rank regime corrections and a limited set of
plastic parameters:

ϑfast
k = ϑfast

k−1 − αk∇ϑfastJk. (41)

Slow updates affect the backbone and the coordinate-defining
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maps:

ϑslow
k = ϑslow

k−1 − βk∇ϑslowJk, βk ≪ αk. (42)

This separation matches the physics. The diffusion-
dominated thermal backbone should not be rewritten every
time a rate changes. The way that backbone is observed or
coupled into the wellbore, however, may need more agile cor-
rection. By constraining fast learning to low-rank operational
directions, the model remains adaptable without losing the
shared thermal atlas built from earlier operations.

A further component of the continual learner is novelty han-
dling. Sometimes the current residual pattern cannot be ex-
plained well by any existing memory. In that case the novelty
slot becomes active, and a temporary operator correction is
allocated. This correction is allowed to adapt quickly but is
not consolidated immediately [16]. Only if the novel behavior
persists and its explanatory value remains high is it promoted
to a permanent memory. This prevents the memory bank
from overreacting to noise, sensor glitches, or minor distur-
bances.

The entire learning rule is therefore guided by a simple phys-
ical principle: update aggressively only when the data sup-
ply sustained evidence that the operational mapping has
changed, but preserve the latent thermal structure that deter-
mines the current state of the near-wellbore zone. The next
section explains how this principle is implemented in sequen-
tial state and parameter estimation, especially when multiple
entry points and transient rate changes are present.

6. Sequential Estimation, Multientry Inflow
Reconstruction, and Early-Time Rate Infer-
ence

The continual learner requires a sequential inference engine
capable of updating latent thermal state, hydraulic sum-
maries, and regime responsibilities from streaming measure-
ments. The measurements typically include a subset of
bottom-hole temperatures, bottom-hole pressures, surface
flow rates, and operational controls. Because the radial ther-
mal field is never observed directly, the inference procedure
must combine prediction from the reduced physical model
with correction from indirect observations. It must also dis-
tribute information appropriately across multiple possible en-
try points in the well.

Let the filtering distribution at time k be approximated by

qk(xk, sk) = qk(xk | sk) qk(sk). (43)

The regime marginal qk(sk) is represented by the soft weights
πk,ℓ. Conditioned on a regime, the state distribution is ap-
proximated as Gaussian or Gaussian mixture around the re-
duced latent state. Prediction is carried out using the regime-
weighted effective operator:

x̂k|k−1 = Āk−1x̂k−1 + B̄k−1uk−1 +
∑
ℓ

πk−1,ℓPk−1,ℓQ
⊤
k−1,ℓx̂k−1 + ĝk−1

Pk|k−1 = Aeff
k−1Pk−1A

eff⊤
k−1 +Qk−1. (44)

The observation prediction is [12]

ŷk|k−1 = H̄kx̂k|k−1 +Dkuk +
∑
ℓ

πk,ℓMk,ℓx̂k|k−1 + ĥk.

(45)

A standard Kalman-like correction can then be applied if the
nonlinearities are mild or locally linearized:

Kk = Pk|k−1H
eff⊤
k

(
Heff

k Pk|k−1H
eff⊤
k +Rk

)−1

x̂k = x̂k|k−1 +Kk

(
yk − ŷk|k−1

)
Pk =

(
I −KkH

eff
k

)
Pk|k−1. (46)

In situations with stronger nonlinearity, ensemble or un-
scented updates may be substituted, but the present form
is sufficient to expose the structure of the estimator.

Multientry inflow introduces an additional inverse problem:
the total wellbore rate is observed or partially constrained,
but the partition among entry points and the temperature of
each entering stream are latent. Let Np denote the number
of entry points. For each entry point j, define a local thermal
state a(j)k and local inflow temperature

T
(j)
in,k = T

(j)
∞ + c

(j)⊤
k a

(j)
k . (47)

The inflow mass rates ṁ(j)
k satisfy

Np∑
j=1

ṁ
(j)
k = ṁtot,k, (48)

where ṁtot,k may be known approximately from surface mea-
surement or inferred jointly. A soft allocation model is useful:

ṁ
(j)
k = ṁtot,k

exp(ζ(j)k )∑Np

i=1 exp(ζ(i)k )
, (49)

where ζ
(j)
k is a latent log-allocation variable influenced by

pressure drawdown, skin, local mobility, and temperature-
sensitive property terms. The entering enthalpy contributions
then combine in the wellbore energy equation, and the mea-
sured bottom-hole temperature constrains both the ṁ(j)

k and
the T (j)

in,k.

A particularly important application is early-time flow infer-
ence from temperature. In many wells, temperature responds
to near-wellbore thermal history in a way that can inform the
effective inflow rate before pressure derivatives have fully sta-
bilized. To exploit this, the model computes the sensitivity
of bottom-hole temperature to local inflow rate:

∂Tbh,k

∂ṁ
(j)
k

=
∂Tbh,k

∂T
(j)
in,k

∂T
(j)
in,k

∂ṁ
(j)
k

+
∂Tbh,k

∂h
(j)
in,k

∂h
(j)
in,k

∂ṁ
(j)
k

. (50)

These sensitivities enter both the observation Jacobian and
the parameter-importance structure. If the near-wellbore
zone is strongly cooled, ∂Tbh/∂ṁ(j) can be substantial at
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early times, and temperature becomes highly informative
about rate. If the zone has nearly recovered, the sensitivity
weakens and temperature contributes less incremental infor-
mation. Thus the value of temperature data for rate inference
is itself regime dependent and mediated by the latent thermal
state [34].
The estimator also uses a fixed-lag smoother to improve the
thermal state during ambiguous transitions. Suppose a flow
period begins shortly after shut-in. The first few observations
may not be sufficient to determine the exact near-wall modal
coefficients. A lag smoother over the most recent L time
steps updates past states in light of new data:

x̂k−ℓ|k = x̂k−ℓ|k−1 + Jk−ℓ

(
x̂k−ℓ+1|k − x̂k−ℓ+1|k−1

)
, (51)

for ℓ = 1, . . . , L, with Jk−ℓ the smoothing gain. This is espe-
cially useful because the latent thermal state evolves relatively
smoothly even when the regime changes. Revising the just-
prior shut-in state in light of the first flow observations can
materially improve the inferred entering temperature without
requiring a full retrospective batch optimization.
Regime probabilities are updated jointly with the state. A
convenient approximation evaluates the filtered innovation
likelihood under each regime and multiplies by a persistence
prior:

πk,ℓ ∝ π ρ
k−1,ℓ exp

(
−1

2
ν⊤k,ℓS

−1
k,ℓνk,ℓ

)
Γk,ℓ, (52)

where νk,ℓ = yk − ŷ
(ℓ)
k|k−1

, Sk,ℓ is the corresponding inno-
vation covariance, and Γk,ℓ includes operational priors such
as scheduled rate changes or known pump stoppage. The
resulting soft assignment allows the model to recognize, for
instance, that the first moments of flow may still retain strong
shut-in characteristics or that a multirate change has altered
the observation mapping without fully changing the latent
thermal state.
Sequential estimation in this setting is therefore not just a
matter of fitting observations. It is the coordinated update
of a hidden radial thermal field, multientry hydraulic allo-
cation, and regime-conditioned observation logic [15]. The
next section examines whether these updates remain stable
and identifiable and under what conditions the model can be
expected to converge to thermally meaningful states.

7. Stability, Identifiability, and Convergence
Analysis

The sequential model described above is only useful if its
learned dynamics remain stable, if its reduced latent states
are sufficiently identifiable from the available measurements,
and if its online updates do not accumulate error in a way
that invalidates early-time interpretation. These questions
are particularly important in the present field because the
latent thermal variables represent a diffusion-driven physi-
cal process. A model that fits recent data but violates the
underlying dissipative structure can produce plausible short
windows and misleading long-horizon forecasts.
Consider the error dynamics of the filtered latent state. Let
ek = xk − x̂k. Linearizing the nonlinear residual around the

filtered trajectory yields

ek+1 = Fkek + δk + νk, (53)

where Fk = Aeff
k − Kk+1H

eff
k+1A

eff
k is the local filtered er-

ror propagator, δk captures mismatch induced by parame-
ter adaptation and regime misassignment, and νk aggregates
process and measurement noise terms. A sufficient condi-
tion for bounded error is that the induced norm of Fk remain
uniformly below one on average, with δk and νk bounded in
second moment. This condition is not trivial because regime
changes can alter both the state transition and the filter gain
sharply. The stability regularizer is therefore designed pre-
cisely to prevent the learner from creating high-gain operator
modes in response to short-term residuals.

The adaptation mismatch term can be bounded in terms of
the parameter-motion metric. Let TΘ denote the transition
map under parameters Θ. Then

∥δk∥2 = ∥TΘk
(x̂k, uk)− TΘk−1

(x̂k, uk)∥2
≤ LΘ,k∥Θk −Θk−1∥2, (54)

where LΘ,k is a local Lipschitz constant. Since ∥Θk −
Θk−1∥2Wk

is penalized rather than the plain Euclidean norm,
large motion is allowed primarily in directions judged less
sensitive or less important to memory. This reduces the
chance that the learner destabilizes the thermal dynamics
while adapting to a new regime [36]. In physical terms, the
model is allowed to reweight observation mappings and cer-
tain multientry couplings relatively quickly, but it is discour-
aged from making abrupt changes to the core diffusion-like
modes of the near-wellbore recovery field.

Identifiability is limited by the fact that the radial thermal field
is not directly measured. The reduced basis representation
helps by imposing a physically interpretable structure, but
some ambiguity remains. A formal observability analysis can
be based on the empirical observability matrix over horizon
h:

Ok,h =


Heff

k

Heff
k+1A

eff
k

Heff
k+2A

eff
k+1A

eff
k

...
Heff

k+h−1A
eff
k+h−2 · · ·A

eff
k

 . (55)

If σmin(Ok,h) is too small, certain latent directions are poorly
informed by the data over that window. In practice, the
fast radial modes are often more observable during early flow
because entering temperature is highly sensitive to them,
whereas slow radial modes may be better constrained dur-
ing extended shut-in or later thermal recovery. This regime
dependence of observability is precisely why a memory-based
learner is useful: information gleaned about poorly observed
directions in one regime can be preserved and reused in later
regimes where those directions matter but are not freshly ob-
servable.

A related issue is coordinate drift. The reduced thermal state
should remain comparable across time so that memory slots
stay meaningful. Suppose there exists an invertible transfor-
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mation Sk such that

x′k = Skxk

A′
k = Sk+1AkS

−1
k

H ′
k = HkS

−1
k . (56)

If Sk changes substantially over time, then stored memory
trajectories become difficult to interpret under the current
coordinates even if current observation fit remains high. The
use of explicit radial thermal bases, slow backbone updates,
and operator anchoring mitigates this problem [4]. In effect,
the model does not permit arbitrary latent reparameterization
because the basis functions and physical state blocks provide
a coordinate anchor. The remaining ambiguity is therefore
smaller than in a purely generic latent model.

Convergence of the memory-constrained updates can be un-
derstood through a regret-style decomposition. Let Θ⋆

k be
the hypothetical regime-aware parameter vector minimizing
the instantaneous expected loss at time k. The cumulative
shifted regret is

RN =

N∑
k=1

(
EJk(Θk)− EJk(Θ

⋆
k)
)
. (57)

Under smoothness of the loss, bounded parameter drift of
Θ⋆

k, and bounded gradient noise, the regret decomposes into
terms associated with estimation error, regime change, mem-
ory protection, and computational approximation. The mem-
ory term reduces regret when earlier regimes recur or when
current data alone are insufficient to reidentify poorly ob-
served thermal directions. The price is a bias term when a
truly new regime differs substantially from all stored memo-
ries. This trade-off is controlled by the novelty slot and the
adaptive replay weights.

Thermal dissipativity provides an additional convergence cri-
terion for the thermal substate. Let xth

k = [a⊤f,k, a
⊤
s,k, b

⊤
k ]⊤

and let Pd ≻ 0 be a weighting matrix approximating thermal
energy. Define [9]

Vk = xth⊤
k Pdx

th
k . (58)

In the absence of external heating and with bounded inflow
forcing, one expects

Vk+1 − Vk ≤ −µ∥xth
k ∥22 + χ∥uk∥22 + ϵk, (59)

for some µ > 0, χ ≥ 0, and small approximation residual ϵk.
Enforcing or approximately satisfying such a dissipation in-
equality prevents the learner from encoding spurious thermal
oscillations that could fit noisy data while contradicting the
recovery physics. This is particularly important during shut-
in, when the latent thermal state should move monotonically
toward equilibrium in a suitable averaged sense.

The analysis therefore suggests three conditions for reliable
use. First, the basis and observation system should provide
at least intermittent observability of the important thermal
modes. Second, regime-conditioned updates should remain
low complexity and memory constrained so that adaptation
does not destroy dissipative structure. Third, the memory
bank should preserve information about weakly observed but

physically important modes, especially those controlling early
inflow temperature. When these conditions are satisfied ap-
proximately, the sequential learner can adapt to operational
shifts while maintaining a stable and interpretable estimate
of the near-wellbore thermal field.

8. Numerical Realization and Field-Oriented
Experiment Design

The proposed framework is intended for practical sequential
interpretation rather than only theoretical analysis, so compu-
tational design matters. The reduced state dimension must
remain small enough for real-time or near-real-time updat-
ing, yet rich enough to represent the radial thermal structure
that governs early inflow temperature. A typical implemen-
tation might retain between four and twelve radial thermal
modes per active interval, two to six axial wellbore modes, a
small set of hydraulic allocation variables, and a handful of
slowly varying uncertain parameters [37]. This yields a latent
dimension comfortably below that of a full radial-axial dis-
cretization while still preserving the main degrees of freedom
relevant to thermal DST interpretation.
The basis construction can proceed offline. A family of cir-
culation and recovery simulations is generated over plausible
ranges of diffusivity, heat-transfer coefficient, circulation du-
ration, shut-in time, and inflow rate. From these simulations,
radial temperature snapshots are collected and compressed
through a proper orthogonal decomposition or a diffusion-
eigenfunction fit. The resulting basis is then orthonormalized
with respect to a radial energy inner product

⟨f, g⟩r =

∫ rb

rw

f(r)g(r) r dr. (60)

This weighting ensures that the modes respect the geome-
try of radial conduction rather than merely Euclidean snap-
shot variance. A similar procedure can be applied to wellbore
temperature snapshots along the completion interval. Impor-
tantly, this offline basis construction does not require access
to the exact field well being interpreted. It only defines the
coordinate system in which online state estimation and mem-
ory storage will occur.
Online computation alternates among four modules. The first
predicts the latent state and observation using the current
backbone and regime correction [1]. The second updates the
state using new pressure, temperature, and rate data. The
third updates regime responsibilities and determines whether
novelty is present. The fourth performs limited parameter
adaptation and memory maintenance. Because the regime
corrections are low rank, the dominant linear algebra costs are
modest. If r is the latent dimension and q the rank of each
correction, applying the effective transition costs O(r2+Lrq),
which is manageable for the dimensions envisioned here. Ma-
trix inversions in the filter step are carried out in observation
space, which is usually very small because the number of
measured channels per update is limited.
A particularly valuable computational feature is that replay
occurs in latent space. Suppose each memory stores ten short
trajectory fragments of length twenty in a state dimension of
fifteen. Then the replay burden remains negligible compared
with storing or reprocessing full raw thermal histories. More
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importantly, the replay is physically targeted: it preserves
thermal transitions and inflow mappings rather than every
sample indiscriminately. If computational budget becomes
tight, replay can be prioritized for memory slots with highest
forgetting risk and recurrence probability, as encoded in the
weighting scheme from earlier sections [27].
The synthetic experiment design should reflect realistic op-
erational heterogeneity. One family of cases may vary cir-
culation duration and mud temperature so that some wells
experience mild near-wellbore cooling while others experience
strong cooling. Another family may vary shut-in duration so
that early flow begins from significantly different recovery
states. A third family may introduce multirate test sched-
ules with one or more buildup periods. A fourth may vary
the number of active entry points and the heterogeneity of
local mobility. Across these families, the central questions
are whether the learner preserves knowledge of the disturbed
thermal field across regime shifts and whether it improves
early-time entering temperature and rate inference relative to
fixed-regime baselines.
Field-oriented evaluation should mimic how data arrive in
practice. Temperature and pressure may be sampled at high
frequency, while reliable rate estimates may be delayed or
noisier. Some periods may contain missing measurements.
Operational schedules such as choke changes or circulation
stop times may be known, but the physical response may
be delayed. The experiment design should therefore in-
clude asynchronous updates, measurement gaps, and mod-
erate model mismatch. These features matter because a
method that works only in perfectly synchronized synthetic
data may fail to preserve the thermal state under realistic
field conditions [8].
A valuable benchmark comparison includes at least three al-
ternatives. The first is a fixed-parameter thermal-flow model
calibrated once and then run sequentially without memory.
The second is a purely adaptive online model that updates
aggressively without replay or parameter-importance weight-
ing. The third is a deterministic analytical correction model
that uses a shut-in recovery law to estimate entering temper-
ature but does not learn operator corrections across regimes.
Relative to these baselines, the proposed framework should
be judged on entering-temperature error, early-time rate er-
ror, regime-transition adaptation lag, long-horizon stability of
thermal recovery, and recurrence forgetting during repeated
operating patterns.
The numerical experiments should also test robustness to mis-
specified diffusivity and heat-transfer coefficients. In many
field settings these quantities are uncertain and correlated. A
method that merely memorizes nominal coefficients will not
be reliable. The proposed learner should instead use memory
to preserve the thermal history while allowing parameter cor-
rections when the data consistently support them. Sensitivity
analyses can reveal whether the low-rank regime corrections
absorb such uncertainty appropriately or whether the back-
bone becomes overloaded by parameter mismatch.
Finally, the implementation should report not only forecast
accuracy but also operator diagnostics [20]. For example,
one may track the dominant singular values of the thermal
subblock, the magnitude of regime corrections, the number
of active memory slots, and the replay burden over time.
These diagnostics help determine whether improved perfor-
mance arises from physically plausible operator adaptation or

from hidden complexity growth. In an operational setting,
such transparency is valuable because interpreters are more
likely to trust a method whose internal changes remain con-
sistent with thermal intuition.

9. Discussion

The framework proposed in this paper departs from standard
well-test thermal interpretation in one essential respect: it
treats operational history as something that must be learned
and preserved inside the dynamical model rather than applied
as an external correction. This distinction matters because
near-wellbore thermal recovery is not a nuisance superposed
on an otherwise stationary test. It is the medium through
which early-time inflow is filtered. If that medium is poorly
represented, even high-quality pressure and temperature mea-
surements can lead to biased conclusions about fluid entry
conditions and effective rate.
A useful way to view the method is as a structured com-
promise between deterministic thermal simulation and unre-
stricted data-driven adaptation. The deterministic side con-
tributes the radial diffusion physics, the wellbore energy bal-
ance, and the definition of a physically meaningful reduced
basis. The adaptive side contributes regime-conditioned op-
erator corrections, online parameter updates, and memory-
based protection against forgetting. Neither side alone is fully
satisfactory [25]. Pure deterministic models often require re-
peated recalibration when the operation changes and may
struggle when measurement meaning changes across regimes.
Purely flexible adaptive models can fit recent data but risk de-
stroying the latent thermal history that gives the data physical
meaning. The present framework tries to retain the advan-
tages of both while limiting their respective weaknesses.
The memory principle introduced here is also field specific
in a useful sense. What is stored is not merely a sequence
of measurements or generic embeddings. It is a compressed
record of thermal trajectories, reduced operators, and sensi-
tivity structure tied to the well’s own disturbed near-wellbore
behavior. This choice reflects the fact that in subsurface ther-
mal interpretation, the most important historical information
is usually not an isolated sample but an evolving state. A
short record of the radial cooling profile and its associated
entering-temperature map may be more valuable than a much
longer record of raw wellhead data if the goal is to interpret
a later return to flow.
There are, however, clear limitations. The reduced basis ap-
proach depends on the assumption that a modest number of
thermal modes can represent the operationally relevant dis-
turbance. This is likely to hold near the tested interval in
many cases, but strongly heterogeneous formations, complex
completions, or multiphase compositional effects may require
richer state representations. The low-rank regime corrections
likewise assume that regime changes alter only a subset of
dynamical directions [24]. If the physical transition is more
global than that, additional flexibility may be needed. An-
other limitation is that the method, like all reduced inverse
models, depends on having some channels of temperature and
pressure data that remain informative across the operational
sequence. Severe measurement sparsity will reduce observ-
ability no matter how sophisticated the memory design.
The approach is also conservative by construction. Spectral
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shaping, operator anchoring, and importance-weighted pa-
rameter penalties are intended to prevent catastrophic for-
getting and instability. The cost is that adaptation to a
truly novel regime may initially be slower than in an unre-
stricted online fit. In an operational context this is often
acceptable because false adaptation can be expensive: once
the model has overwritten a plausible thermal history, later
early-time interpretation may be difficult to recover. Still,
practical deployment would benefit from adaptive tuning of
novelty thresholds and replay strength based on confidence
and operational priorities.
A final point concerns interpretability. Because the model
uses explicit thermal modes and operator blocks with identi-
fiable physical roles, its internal states can be related to near-
wall cooling, broader radial recovery, wellbore thermal imbal-
ance, and entry-temperature sensitivity. This is an advan-
tage over black-box sequence models [11]. Yet those states
remain reduced abstractions. They should be interpreted as
thermally meaningful summaries rather than direct measure-
ments of the rock. Used in that spirit, the framework can
support more informed DST interpretation by showing not
only what the current predicted entering temperature is, but
also which part of the thermal history is driving it and how
much of that history has been preserved from earlier regimes.

10. Conclusion

This paper presented a new research formulation for inter-
preting circulation-disturbed wells under changing operational
regimes. The method combined reduced radial thermal dy-
namics, wellbore energy transport, multientry inflow represen-
tation, and physics-constrained continual learning in a single
operator framework. By treating the near-wellbore temper-
ature disturbance as a latent state with memory, the model
preserved information learned during circulation and shut-in
and reused it during early flow and multirate drill stem testing.
The resulting architecture was specifically designed to reduce
the loss of thermal history that can bias entering tempera-
ture and rate interpretation when conventional fixed-regime
estimators are applied too soon after circulation.
The analysis developed the governing thermal and flow equa-
tions, constructed a reduced state representation, introduced
a regime-aware latent operator decomposition, formulated a
memory-based online objective, derived sequential estimation
rules for state and multientry inflow allocation, and exam-
ined stability, identifiability, and computational realization.
Across these components, the recurring principle was that
adaptation should occur mainly in low-complexity operational
directions, while the backbone of the thermal recovery pro-
cess should remain physically constrained and historically in-
formed.
In wells where near-wellbore cooling persists into test opera-
tions, the interpretation problem is inherently sequential and
history dependent. A framework that preserves and updates
thermal memory explicitly is therefore a natural complement
to established thermal modeling practice. The method de-
veloped here offers one such framework and provides a basis
for future work on richer multiphase energy models, more
detailed completion architectures, and field deployment with
streaming downhole measurements [28].
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